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■ Abstract. We relate invariants in derived categories associated to tame actions of 

, finite groups on projective varieties over a finite field to zeros of L-functions 
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1. Introduction 

A recurring theme in the study of values of L-functions of arithmetic schemes is that 
these should be related to Euler characteristics of various kinds. Behind the cohomol- 
ogy groups needed to define such Euler characteristics are hypercohomology complexes 
in derived categories. In this paper we consider how to determine the additional infor- 
mation contained in such complexes beyond what is seen by Euler characteristics. In 
the geometric situations we consider, this additional information takes the form of ex- 
tension classes. Our main result is that two natural extension classes constructed from 
etale and coherent cohomology differ by a numerical invariant which is the reciprocal of 



\0 I the zero of an L-function. This suggests that it may be fruitful to study relationships 

^ ' between derived category invariants and L-functions in more general contexts, e.g. for 



projective schemes over Z. 



O ' We will now describe the contents of this paper. In Section 2 we consider the fol- 

lowing geometric situation. Let X be a smooth projective variety over the algebraic 
closure /c of a finite field k having a tame, generically free action over of a finite 
^ ' group G. We suppose that the cohomology groups of Ox vanish except in dimen- 

sions and n for some integer n > and that the characteristic p of k divides 
In this case, the isomorphism class of the hypercohomology complex H'{X,Ox) in 
the derived category of the homotopy category of A; [G]- modules is determined by its 
Euler characteristic and an extension class (3{X,G) in the one-dimensional /c- vector 
space Ext^+^(i7"(X,Cx),i^°(^,Cx)). Similarly, the isomorphism class of H'^{X,k) 
in the derived category of the homotopy category of complexes of fcfGj-modules is de- 
termined by its Euler characteristic together with an extension class '~f{X, G) in the 
one- dimensional /c- vector space Ext'^^^{H2-^{X , k), H^^{X, k)). 
In Theorem 2.9 we show that 

/3(X,G) = 1®7(^,G) 
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relative to a natural isomorphism 

k ®fc Ext^+i(if:U^, k), (X, k)) = Extf+;(ff"(X, Ox),H%X, Ox)) 

induced by the map /c — )■ G„ of etale sheaves on X. One can thus think of 

k-P{X,G) = k-^{X,G) 

as the "etale fc-line" inside Ext^+l(i/"(X, C^), C^))- 

In Section 3 we make some additional hypotheses on G and X described in Hypoth- 
esis 13.11 We assume in particular that the p-Sylow subgroups of G are cyclic and non 
trivial. We let C be a p-Sylow subgroup of G. Under these hypotheses we define a 
/c-line 

k-a{X, G) 

inside Ext^+i(iJ"(X, Ox), H^{X, Ox)) which is associated to a model Yq over /c of the 

fe[G] 

quotient Y = X/G oi Xhj the action of G. One can think of k ■ G) as a /c-line de- 
termined by coordinates for the one-dimensional fc- vector space Ext^j^^(if"(X, Ox), H^{X, Ox)) 
which arises from the model Iq- 

The restriction map induces an isomorphism of fc-vector spaces 

Ext|+;(if"(X,Ox),i^°(X,Ox)) Ext^+;(/f"(X,Ox),i^°(X,Ox)). 

We consider k.MX, G) as a A;-line of EyL&AH'^iX, Ox), H\X, Ox)) via this isomor- 
phism. Our goal is to compare in Ext|:p^(if'^(X, Ox), H^{X, Ox)) the etale fc-line with 
the /c-line provided by the model Yq. To be more precise our main result, Theorem 13.61 
and its corollaries, is that 

k-a{X,G) = C-k-(3{X,G) 
for a constant ( E k* such that 

fi{X,G) = C}-*^ e k* 

is independent of all choices and is the reciprocal of a zero of an L-function associated 
to X. If n is odd, this L-function is the numerator of the mod p zeta function of Yq 
over k. If n is even, the L-function is the denominator of the mod p zeta function of 
the variety Xq which is the quotient of X by the group generated by a lift to X of the 
arithmetic Frobenius in Gal(y/yo)- If ^ is an elliptic curve and k = Z/p then fi{X, G) 
is simply the Hasse invariant associated to Yq (c.f. Example 13. lip . 

In the last section of this paper we provide examples of projective varieties of arbi- 
trary large dimension, endowed with an action of a cyclic group of order p for which 
the hypotheses of Theorem 13.61 are fulfilled. 

Acknowledgments: The first author would like to thank the University of Pennsyl- 
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2. Varieties with two non-vanishing cohomology groups 

Let A; be a finite field of order q = , where p is a prime, and let k be an algebraic 
closure of k. We will suppose that G is a finite group of order divisible by p acting 
tamely and generically freely over /c on a smooth projective variety X over k of dimen- 
sion d. Let vr : X — )■ y = X/G be the quotient morphism. If J-" is a coherent G-sheaf 
on X, we denote H\X,F) by H\F). 

Hypothesis 2.1. There is an integer n > 1 such that W{Ox) 7^ {0} if and only if 
i e {0,n}. 

Lemma 2.2. The coherent hypercohomology complex H'{Ox) is isomorphic in the 
derived category D{kG) of the homotopy category of complexes of k[G]-modules to 
a perfect complex P* of k[G]-modules which has trivial terms outside degrees in the 
interval [0,?7,]. This complex defines an exact sequence 

(2.1) ^ H^{Ox) ^Po^ yPn^ H^'iOx) 

and thereby an extension class P{X,G) m Ext^+^(i/"(Cx), 

Proof. By a result of Nakajima [7J, H'{Ox) is isomorphic to a perfect complex in 
D{kG) because the action of G on X is tame. Because of hypothesis 12.11 we can 
truncate this complex to arrive at P*. □ 

Definition 2.3. Let F : k ^ k be the arithmetic Frobenius automorphism over k, so 
that F{a) = a'^ for a & k. A k-linear map T : Mi — )■ M2 between vector spaces over 
k will be called semilinear (resp. anti-semilinear) if T{a ■ mi) = F{a)T{mi) (resp. 
T{a ■ mi) = F"^(a)T(mi) ) for a E k and mi E Mi. 

Lemma 2.4. Suppose that i is a field of characteristic p, and that there is an exact 
sequence of IG -modules 

(2.2) O^f^Po^ ^Pn^M^O 

in which Pi is projective and finitely generated for all i. Then Ext"[^|(M, £) is a one- 
dimensional i vector space with respect to the multiplication action of i on i. The 
degeneration of the spectral sequence HP{G,Ext%M,i)) Ext^[+'j(M,£) gives an iso- 
morphism 

(2.3) Ext^"+j(M, i) = H^'+^G, RomeiM, i)) 

Proof. By dimension shifting via the sequence (12. 2p . we get an exact sequence 
Hom4G](Po,^) ^ liome[G]{i,i) ^ Ext;+;(M,£) ^ 0. 
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Here Hom^[G] ^) = So either Ext^+f(M,£) is a one- dimensional ^-vector space, or 
the injection £ — > Pq sphts. However, we have assumed p divides the order of G, so E 
is not a projective £[G']-module and the latter alternative is impossible. □ 

Corollary 2.5. Suppose i = k and that T : M ^ M is a semilinear map commuting 
with the action of G on M . There is a G-equivariant anti- semilinear endomorphism 
T^^ of Hom^(M, k) defined by 

T-\f){m) = F-\f{T{m))) for / G Hom^(M,:fc) and m e M. 

Via Ii2.3\) this gives an anti- semilinear action ofT^^ on FjXt^^^{M,k) = k. 

The following result is Lemma III.4.13 of [5j; see also pQ §XXII.l] and [SI p. 143]. 

Lemma 2.6. Let V be a finite dimensional vector space over k, and let (p : V ^ V be a 
semilinear map. Then V decomposes as a direct sum V = KffiKj; where Vg and Vrj are 
suhspaces stable under (p, is bijective on Vs and is nilpotent on V"^. Moreover, Vs 
has a basis {ei, . . . , Ct} such that (j){ei) = Ci for all i. It follows that is the k-vector 
space having basis {ci, . . . , Cj} and (j) — 1 : V ^ V is surjective. 

We have an exact Artin-Schreier sequence of etale sheaves on X given by 

(2.4) — >k — >Ga^Ga 

where F : — t- is the arithmetic Frobenius morphism defined by a i— >■ a*^ = 
F{a) for a a local section of Ga- By |5l Remark III.3.8], there is an isomorphism 
H'{X,Ox) — H'^{X,Ga) in the derived category, giving isomorphisms H^{Ox) 
HUx,Ga) for all J. 

Lemma 2.7. The long exact cohomology sequence associated to Iji2.4\ ) splits into short 
exact sequences 

(2.5) O^KtiX, k)-^H\Ox)^H\Ox)^0 

for all i. The terms of this sequence are trivial if i ^ {0,n}. When i = 0, one has 
H^^{X, k) = k and H^{Ox) = k- When i = n, there is a kG-module isomorphism 

(2.6) H'^iOx) = H^{Ox)f,s ® H'%Ox)f,, 

arising from Lemma \2. (A in which F is an isomorphism on H'^{Ox)f,s o,nd nilpotent 
on W{Ox)f,v sequence (dj) with i = n shows H'^{OxY = H^ti^^k) and 

H^{Ox)F,s = k(^kH2t{X, k). 

Proof. The action of F on Hl^{X, Ga) = H'^Ox) is semilinear for all i. The split exact 
sequences (12. 5p arise from the fact that by Lemma 12.61 

F-l: H\Ox) ^ H\Ox) 
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is surjective for all i. When i = n, the decomposition in (12 .6^ is a /cG-module decom- 
position because F commutes with the action of G, 

H''{Ox)f,s = n„>iF™(ff"(Ox)) 

and 

H''{Ox)f,v = Kernel(F'" : F"(Cx) -> H'^iOx)) if m » 0. 

The sequence ([23]) shows H''{OxY = H^tiX,k) so H''{Ox)f,s = k®k H2t{X,k) by 
Lemma 12.61 □ 

Lemma 2.8. The complex H*^{X,k) is perfect, and Hl^{X,k) if and only if j e 



{0,n}. The sequence (2.4) gives rise to a morphism 



(2.7) H:,{X, k) ^ if- (X, = H\0 



X, 



in the derived category of complexes of k\G\-modules. Let H'{Ox)' be the complex 
resulting from H*{Ox) by truncating H'[Ox) in dimensions greater than n and by 
replacing H^{Ox) by the submodule H"'{Ox)f,s appearing in 1^2. 6\) . The morphism 
/ji2. ?| ) gives a quasi-isomorphism 

(2.8) k^L,kH:,{X,k) = H'{Oxy 

of perfect complexes of k[G]-modules, where L on the left is the left derived tensor 
product. The k[G]-module H^{Ox)F,r] in i\2.6\) is projective. 

Proof. Since X — i- F is a tame G-cover, the sheaf n^k in the etale topology on y is a 
sheaf of projective A;[G]-modules. The argument of [5l Theorem VI. 13. 11] now shows 
that H'^{X,k) is a perfect complex of /c[G]-modules. The isomorphism (12. 8 p in the 
derived category results form the calculation of the cohomology groups Hl^{X,k) in 
Lemma 12. 7[ where the left derived tensor product k<^L,k is just the tensor product 
because all /c-modules are free. This implies H*{Ox)' is perfect because H*^{X,k) 
is. Because H'{Ox) is also perfect, we conclude that H"'{Ox)F,r] must be projective 
because this was the module truncated from H'{Ox) in degree n in the construction 
oiH\Ox)'. □ 
It follows from Lemma 2.8 that H*^{X, k) is a perfect complex such that Hl^{X, k) ^ 
{0} if and only if z G {0, n}. Following the lines of Lemmas 2.2 and 2.4 we conclude that 
we can attach to H'^^X, k) an extension class 7(X, G) in Ext^J;^(iig"i(X, fc), ii°f (X, k)) 
and prove that this fc- vector space is of dimension 1. 



Theorem 2.9. The morphism \2. 7| ) leads to an isomorphism of one- dimensional k 
vector spaces 

(2.9) k ®, Ext^+^(fiS(X, k), Hl,{X, k)) = Ext^+;(i7"(Ox), H\Ox)) 
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such that 

(2.10) /3(X,G) = 1®7(X,G). 

The action of F on H^{Ox) and on H^{Ox) = k leads to an anti-semilinear action 
of F^^ on Ext^^^{H"'(Ox), H^iOx)) ■ Via Ii2.^) . the one-dimensional k-vector space 
Li = 1 ®kExq^^0:,{X,k),H^,{X,k)) IS the subspace of Ext^^\H^{Ox), H%Ox)) 
which is fixed by F~^. In particular, (3{X, G) is fixed by F~^. 

Proof. Since H'^{Ox)F,-q is a projective A;[G]-module by Lemma [278| inclusion H"-{Ox)f,s — ^ 
H^{Ox) induces an isomorphism of one-dimensional fc- vector spaces 

(2.11) Ext|+;(i7"(Ox), H'iOx)) ^ Ext-^^{H-{Ox)F,s, H\Ox)) 

which sends the extension class /3(X, G) associated to H'iOx) to the extension class 
/3{X,Gy associated to H*{Ox)' ■ In view of Lemma [2.81 the isomorphism 

k^L,kH:,{X, k)^H'{Ox)' 

in the derived category gives an isomorphism 

(2.12) fc®,Ext^g(i/r,(X,A;),i7°(X,A;)) = Extf+;(i/"(Ox)F,.,i^°(Ox)) 

of one- dimensional vector spaces over k which identities 1®7(X, G) with /3(X, G)' when 
7(X, G) is the extension class in Ext^[^^(if"^(X, /c), H^^{X, k)) associated to H*^(X, k). 
Combining (12.111) and (12.121) thus leads to an isomorphism (12.91) which identifies /3(X, G) 
with 1 (g)7(X,G'). 

The action of F on H"'{Ox) is via the action of F on Ox and commutes with the 
action of G. (This F is different from the fc-linear relative Frobenius automorphism 
F^/^ of H'^Ox) = H^t{X,Ga) described by Milne in |5l §VI.13].) Since F acts semi- 
linearly and fixes both H^^X^k) C i/"(Cx) and H^t{X,k) = k ck = H^{Ox), the 
remaining assertions in Theorem 12.91 follow from (12. 9p . □ 

3. Extension class invariants arising from models 
In this section we will assume the following strengthening of Hypothesis 2.1. . 

Hypothesis 3.1. The p-Sylow subgroups of the group G are cyclic and non trivial and 
the k-vector spaces H^{G, k) and H"'~^^{G, k) are of dimension one. The variety X is 
of dimension n and H\Ox) = {0} if and only if i ^ {0,"^.}. There exists a smooth 
projective variety Yq over k for which the following is true. 
a. Y = X/G = k(S)kYo. 

h. The morphism tt : X — )■ Yq which is the composition of 7C : X ^ Y with the 
projection Y ^ Yq is Galois. 
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We fix once for all a p-Sylow subgroup C of G. Since k is of characteristic p, for any 
integer m, the restriction map induces an injection 

(3.1) Resg : H^'iG, k) ^ H^'iC k). 

Since we have assumed C to be cyclic and non-trivial, the A;- vector spaces H'^{C,k) 
are of dimension 1 for all m. Therefore, Hypothesis 13.11 requires that (13.11) is an 
isomorphism formG{r;,,n + l}. 

Example 3.2. Suppose that G is the semi-direct product of a normal subgroup H of 
order prime to p with a non-trivial cyclic p-group C. Then the groups H^{H,k) are 
trivial for i > 0. Therefore the inflation homomorphisms 

Inf: H\G/H, k) ^ H\G, k) 

are isomorphisms and 

H\G,k) ~ H\G,k), fori> 0. 
We conclude that, in this case, the dimensions of H"'{G,k) and H"'^^{G,k) are both 
equal to one as required in Hypothesis \3.1[ 

The aim of this section is to show that the model Yq for Y over k leads to a class 

a{X,G) G Extf+^(if"(Ox),^°(Ox)) 

which is well defined up to multiplication by an element of k*, and which is different in 
general from the class obtained by restriction from the class P{X, G) constructed in the 
previous section. This new class should be understood as an obstruction to a descent 
problem, and to be more precise, the descent of the action X x G — > X defined over 
k to an action Xq x G Xq defined over k. The key to constructing a{X, G) is given 
by the following three results. 

Proposition 3.3. Let T = Gal(X/Yo)- The morphism of sheaves on Yq given by 
Oyo iT^)*Ox leads to a homomorphism 

H'^iYo, Oyo) ^ H^iYo, {n),Ox) = H^{Ox) 
and an exact sequence 

(3.2) O^iy— ^iJ"(yo, Oyo)^^"(Cx)^— ^VT'^O 

in which W and W are k vector spaces of dimension 1 with a trivial action of G. 
Tensoring Oyq {Ti')*Ox with k over k gives the natural homomorphism Oy — )■ t^^Ox 
of sheaves on Y . Tensoring liS. 2\) with k over k gives the exact sequence 

(3.3) O^k ®fc W-^H'^iY, OY)^H''{Oxf^k ®fc W'—^O. 

associated to the homomorphism H"'{Y,Oy) H"{Y,tt^Ox) = H"{Ox) which results 
from Oy t!'*Ox- 
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Proposition 3.4. Suppose that n is odd. Then the trace map Tr^ : H^{Ox) 
H'^{Oy) and the inclusion k ®kW H^{Oy) induce k-linear maps 

Extl-l^{H^{Oy), k) ^ Exq-l^^{H-{Ox), k) 

and 

ExtllJ^iH^iOY),k) ^ ExtllJ^(k0, W,k) 

respectively. These maps are both surjective with the same kernel, giving an isomor- 
phism 

(3.4) Extl^^]{H^{Ox),k) ^ Extl+^^{k®kW,k) = k^kExtl+^^^^ 

Proposition 3.5. Suppose n is even. Then the inclusion //"(Cx)^ H'^iOx) and 
the surjection H"'{Ox)'^ — ?■ k 0^ W coming from (3.3) lead to k-vector space maps 

Extl^^^{H'^{Ox),H\Ox)) ^ Extl+^^{H-{Oxf.H\Ox)) 

and 

Exq^Jfl^k W',H%Ox)) ^ Exq^J^{H^{Oxf,H^{Ox)) 
respectively. These maps are both infective with the same image, leading to an isomor- 
phism 

(3.5) Extl^^^{H''{Ox),H\Ox)) = Extl^^^{k®kW\^ = k®k Extl-l^^^^ 

We will give the proof of these Propositions in the next section. 

Our aim is now to use these propositions to construct q;(X, G) and a numerical 
invariant /x(X, G). The restriction map induces an injective homomorphism of /c- vector 
spaces 

E^il^^^{H-{Ox),H\Ox)) -> ^^il^^^{H-{Ox),H\Ox)). 
Since these vector spaces are of dimension 1 this is an isomorphism. We identify in 
what follows the class /9(X, G) and the fc-line Li defined in Section 2 with their images 
inExt|+;(i7"(Ox),/^°(Ox)). 

Theorem 3.6. Let Lq be the k-line in Ext'^^^{H'^{Ox), H^{Ox)) which is the image of 
1 (g) Ext^p'|(W^, fc) (resp. Ext^p'|(iy, /c)j under the isomorphism in \3.4^ (resp. \3.3\) ) 
if n is odd (resp. if n is even). Let a{X^G) be any generator of Lq over k, so that 
a;(X, G) is defined only up to multiplication by an element of k* . Then 

(3.6) a{X,G) = (■ /3{X,G) 

for an element ( ^ k* which is well-defined up to multiplication by an element of k*. 
The constant 

(3.7) fiix,G) = C-'eT 

— * 

lies in k and is an invariant of the action of G on X. 
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Proof. This follows from PropositionsEJllMlandEHand the fact that Ext^+3(if"(Cx), H%Ox)) 
has dimension 1 over k. □ 

Corollary 3.7. Let be the anti-semilinear endomorphism ofExt^(-;■^{H^{Ox), H^{Ox)) 
induced by the action of F on H^{Ox) and the action of on H^{Ox) = k, de- 
scribed as in Theorem 2.9. Then F"^ acts on Lq by multiplication by fi{X,G). The 
constant fi{X,G) lies in k* . 

Proof Let Li be the fc-line of Ext;^+^(i/"(Cx), introduced in Theorem 2.9. 

k[C\ 

It follows from the definitions of Theorem 3.6 that 

Lo = CL, 

for any ( satisfying (3.6). Suppose that Ci is a fc-basis of Li so that (.Ci is a /c-basis of Lq. 
The endomorphism F~^ fixes Li by Theorem 2.9. Hence since F~^ is anti-semilinear, 
we have 

F-\t-C-c,) = t-F-\0-c, = u-{t-C-c,) 

for T & k, where 

c 

This proves that F~^ acts as multiplication by u on the fc-line Lq, so v E k* . Hence 

z/ = F(z/) = = C^-^ = MX, G) 

which completes the proof in view of fl3.7p . □ 

Corollary 3.8. The action of F on Oy^ and on Ox induces a k-linear action on W 
and W. If n is odd (resp. even) then F acts on W (resp. W) by multiplication by 
l^iX,G) G k*. 

Proof. The action of F on Oyq and on Ox is via the map a — > a"^ on local sections, 
and is fc-linear. Thus F respects the homomorphism Oyq in Proposition 

13. 3[ so it follows that F acts /c-linearly on the one dimensional /c-vector spaces W and 
W. Suppose n is odd. Since C is cyclic there are isomorphisms 

Exq+.]{W,k) = H''+\C,}lomk{W,k)) 

(3.8) = H^C^RouikiW^k)) 

= Homfc[c](l^,A;)/Trc;Hom,(W^,A;) 

Because W = k with trivial C-action, this gives an F~^-equivariant isomorphism be- 
tween Ext^[^^(PF, k) and Homfc(W, k). Recall that F~^ sends an element / G Homfc(iy, k) 
to the homorphism F~^f defined by {F~^f){w) = F~^{f{F{w))) for w G W. Since 
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dinifcPF = 1 the action of F on is given by multiplication by some a e /c, and F 
fixed k. Hence 

{F-~'f){w) = f{aw) = af{w) 

so -F^^ acts on B.omk{W, k) by multiplication by a. Thus a is also the eigenvalue of 
F^^ on Lq = Ext'^^^{W, k) , so a = fx{X,G) by Corollary 3.8. The proof when n is 
even is similar. □ 
We now relate fi{X,G) to zeta functions. Let ({V/k,T) be the zeta function of a 
smooth projective variety V over k. Then ({V/k,T) G Zp[[T]], and the congruence 
formula in PQ Expose XXII, 3.1] is 

dim{V) 

(3.9) ({V/k,T)= Y[ det{l- FT\H\V,Ov)Y-^^'^' mod pZp[[T]]. 

i=0 

Write this formula as 

(3.10) C{V/k,T) mod pZp[[T]] ^^^^/^'^^ 



UV/k,T) 



where 



(3.11) Q{V/k,T)= n detil- FT\H\V,Ov)) 

i=j mod 2 

for j = 0, 1. Note that (i{V/k,T) and (o{V/k,T) could have a common zero, so the 
formula (13.101) does not imply that a zero of (i(y/k,T) (resp. of (o(y/k,T)) is a zero 
(resp. pole) of ({V/k, T) mod pZp[[T]]. 

Corollary 3.9. Ifn is odd then /x(X, G)^^ is a zero of (i{Yo/k,T) . Suppose n is even. 
Let Xq be the quotient of X by the the action of a lift (px to Gal(X/yo) of the arithmetic 
Frobenius of Gal{Y/Yo) = Gal{k/k). Then Xq is a smooth projective variety over k 
such thatX = k®kXQ, and fi{X,G)^^ is a zero of (Q{XQ/k,T). 

Proof. If n is odd, we have shown /x(X, G) is the eigenvalue of F acting on the one- 
dimensional k-space W inside H'^{Yo, Oyq). Hence 1 — /x(X, G)~^F is not invertible on 
H"'{Yo, Oyq), so /i(X, G)~^ is a zero of (i(Yo/k, T). Suppose n is even. We have shown 
/x(X, G) is the eigenvalue of F acting on a one-dimensional fc-space W which is a 
quotient of H"'{Ox)^, where F = Gal(X/yo)- It is shown in Lemma S]T] below that F is 
the semidirect product of the normal subgroup G with the closure {(px) of the subgroup 
generated by (px- Since X — )■ Iq is a pro-etale cover, it follows that Xq is smooth and 
projective over k, and that X = k Xq. Hence H'^{Ox) = k ®k H"{Xo,Oxo), so 
H^'iOxf^ = ^^"(Xo, Cxo)- Thus W is a subquotient of if"(Xo, C^o), so as above, 
1 — fi{X,G)^^F is not invertible on if"(Xo, Cxo)- Since we assumed n is even, this 
shows /i(X, G) is a zero of (o{XQ/k,T). □ 
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Example 3.10. Suppose that X is a curve and n = 1 in Hypothesis 13.11 Then 

(l-T)(l-gT) 

when Pi{Yq, T) G Z[T] is the characteristic polynomial of Frobenius acting on HI^{Yq, Qi) 
for any prime i different from p. One has Co(^0; T) = (1 — T) since F acts trivially on 
H^{Yo, Oyo) = k and W{Yo, CyJ = if j > 1. Since (1 - qTY^ = 1 mod pZp[[T]], we 
conclude that 

(3.12) Pi(yo,T) = Ci(lo,T) mod pZp[[T]] 

Thus Corollary 13.91 shows jji{X,G)^^ is a zero in k of Pi(yo;^)- 

Example 3.11. Suppose that in example 13. 101 X is an elliptic curve. Since tt : X — F 
is an etale G = Z/p cover, Y must be an ordinary elliptic curve, and Yq has genus 1 
over k. Because Yq has a point defined over k by the Weil bound, Yq is isomorphic to 
an elliptic curve over /c, and Yq is ordinary. Since dimfc_f/'^(Yo5 C'ii)) = 1, we see that 
yu(X, 6")^^ is the unique zero of Pi{Yq,T) in k. Thus fi{X,G) is the image in k of the 
unit root of Frobenius acting on Hl^{YQ,Qi). Suppose now that k = Z/p, and let 
be the origin of Yq, so that has residue field k. Let t be a uniformizing parameter 
in the local ring Oyq^o- There is a unique differential u G H^{YQ,Q^YQ/k) having an 
expansion 



UJ = 

u=l 



at for which ci = 1. In [3l Appendix 2, §5], Lang defines Cp to be the Hasse invariant 

— p— 1 — 

of Yq. Lang shows that changing t to ht for some b G Oy^ changes Cp by h where h 

is the image of h in the residue field k of Oy^- Since we have now assumed k = l^/p, 
— p— 1 

one has b = 1, so Cp = Cp(Yo) E k is independent of the choice of t. The formula in 
[H Appendix 2, §2, Thm. 2] shows Cp(Yo) is the eigenvalue of F acting on H^{Yo, Oyq)- 
So we conclude from the fact that W = H^{Yq,Oyo) Corollary 13.81 that fi{X,G) is 
the Hasse invariant Cp(yo)- 



4. Proof of Propositions 13. 3L 13.41 and 13.51 

Throughout this section we assume Hypothesis 13.11 

If is a G-sheaf on X (resp. Y) we denote H'{X, (resp. H'{Y, T)) by H'{T). The 
quotient morphism tt : X ^ Y = X/G induces a natural morphism t : Oy 7r^,((9x) 
which identifies Oy with tt^{Ox)^- Moreover, we have a morphism 7t*{Ox) — > Oy 
induced by the trace element Tr^ of k[G]. We denote by : H'^{Oy) H'^{Ox)° 
and Tr* : H'^iOx) — ^ H"-{Oy) the morphisms of fc[G]-modules respectively induced by 
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L and Ttq- We define L and L' by the exact sequence: 

(4.1) 0-^L^H''{Y,OY)^H''{Oxf^L'^0 

4. a. Proof of Proposition 3.3. 

First we need some preliminary results. 

Lemma 4.1. The constant field o/Yq is k, and Gal(X/yo) is the semi direct product 
ofGal{Y/Yo) = Ga\(k/k) ^ Z with the normal subgroup G = Gal(X/r). A lift 0^ 
to Gal(X/lo) of the arithmetic Frobenius automorphism 1 ® F of Gal(y/yo) is well 
defined up to an element of G. 

Proof. The constant field of Yq is k because Y = k^kY^is a. variety with constant field 
k. The exact sequence 

l^G ^ Gal(X/Fo) ^ Gal(r/Fo) ^ 1 

splits because Gal(y/yo) is pro-free on one generator. The rest of the Lemma is now 
clear. □ 

Lemma 4.2. Recall that we have assumed that Y = k ®i^Yq for a smooth projective 
variety Yq over k and that the induced morphism X ^ Yq is Stale and Galois. Let 
r = Gal(X/lo)- The flat base change isomorphism H''{Y,Oy) = k®k H''{Yo,Oyo) 
gives an exact sequence 

(4.2) O^W—^H''{Yo, OY,)^H''{Oxf—^W'—>0 



in which W and W are k-vector spaces. The tensor product of ( 4-2 ) with k over k is 
the exact sequence OTTl). 



Proof. Recall that (f)x G F is a choice of lift of the arithmetic Frobenius 0y G Gal(y/yo) — 
Gal{k/k). By Lemma [4.11 F is the semi-direct product of the normal subgroup G with 
the closure of the subgroup generated by (px- Hence 4>x acts as a semi-linear 

automorphism of the /c-vector space H^{Ox)'^, and 



(4.3) {H^iOxfY'^''^ = H^{OxY. 

Lemma 12.61 shows 

H'^^Oxf = k®k (H^'iOxf)'^. 
since (j)x is an automorphism of H^{Ox)'~' ■ Combining this with (14. 3 p proves that 

H^{Oxf = k(^k H'^iOxf. 

Thus : H"{Y,Oy) H"'{Ox)^ results from tensoring the natural homomorphism 
H^{Yq,Oyq) — H'^{OxY with k over k. Since tensoring with k over k is exact the 
tensor product of (4.2) with k over k is (4.1) as required. □ 
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Since it follows from Lemma 4.2 that 

L = k®kW and L' = k®k W 

we note that in order to complete the proof of Proposition 3.3 it suffices to show that L 
and L' are one- dimensional /c- vector spaces. This will be a consequence of Hypothesis 
3.1 and the next proposition. 

Proposition 4.3. There exist k -isomorphisms of vector spaces 

Lc^H''{G,k), L' H''+\G,k) 
where G acts trivially on k. 

Proof. We start the proof by establishing a lemma. 

Lemma 4.4. The k-linear map Tr^ induces an isomorphism of k-vector spaces 

Tr,:m{Ox)G^H^{OY). 
Moreover, the composition ofTr^ with is the map 

Tr-G : H^iOx) ^ H^{Ox) 
induced by the multiplication by the trace element Tra ofk[G]. 

Proof. The exact sequence of sheaves on Y 

{0} ^ C ^ n^iOx) ^ Oy ^ {0} 
associated to Tra ■ tt*{Ox) Oy induces a long exact sequence of A;- vector spaces 

^ //"(Ox) ^ //"(Oy) ^ //"+'(£) ^ ... 

Because dim(y) = n, H^'+^jC) = 0. Therefore Tr* : H^'iOx) H'^iOy) is onto with 
kernel M equal to the image of H"{C) in H'^{Ox)- To prove the Lemma, it will suffice to 
show that M is equal to the kernel /g//"(C»x) of the surjection H''{Ox) H''{Ox)g: 
where Iq is the augmentation ideal of Z[G]. 

Since Tr^o{l-h) = for /i G G, we have IgH''{Ox) C M. To show M C IcH'^iOx), 
we first observe that C = Ig71*{Ox) since 7r*((9x) is a locally free rank one Cy[G]- 
module. Let S be the kernel of the natural morphism 

©/,eG(l - h) : ©feeG7r*(Ox) ^ /gtt^Ox = C. 

Since H^~^^{S) = 0, this morphism induces a surjective map r : (BheGH"'{7r*{Ox)) — > 
H^{C). Therefore the image M of H^^{C) in H^{Ox) is contained in the image of the 
composition of r with the homomorphism H''\C) — > H'^(Ox)- The latter composition 
is the map on cohomology induced by the homomorphism (Bh&ci^—h^) '■ ®heGT^*{Ox) 
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T^*{Ox)- Since Iq is additively generated hy 1 — h as h ranges over G, this shows that 
M C IgH"{Ox), which completes the proof. □ 

We associate to the exact sequence 

(4.4) ^ H%Ox) ^ Po ^ >Pn^ H^'iOx) ^ 

the following commutative diagram: 



Pn-1,G 
Ttg 

P-n-l 



n,G 



Trc 



H^{Ox)g 

Tr 











^ Pn H'\Ox) - 

here Tr denotes the composite of the isomorphism Tr^, : H^^[Ox)g ~^ H^^Oy) and the 
identification : W{Oy) ^ H'^Ox)^ ^ H'^Ox)] thus 



9(P„_i,g) 



,G 



Tra 



H^{Ox)g 

Tr 











0. 



Tra 

d{Pn-l) Pn H^iOx) 

Since the ^IGJ-modules Pi are all projective, the map Ttq induces and isomorphism 
from Pi^G — Pj^ ■ Moreover, it follows from Lemma 4.4 that L identifies with the kernel 
of Tr*. By using the Snake lemma we obtain an exact sequence: 

HHOx 



(4.5) 



d{Pti) ^ PS ^ Tr{H-{Ox)) 
and hence an isomorphism of fc-vector spaces 

a(P„_i) n 



^ 



(4.6) 



d{PS-i) 



Since the A;[G]-modules Pq, Pn are all projective, and hence injective, we can extend 
the complex 

^ Po ^ ... ^ Pn 

to an injective resolution P* of H^{Ox) = k. It follows from (4.6) that we have the 
following isomorphisms: 

L ^ i7"(Hom^[G](^, P') ^ Ext^[^,(A;, k) ^ H^{G, k). 



In view of Lemma 4.4 we can identify L' with the /c-vector space ^^^(i^fox)) ' 
leads us to the exact sequence 



This 



f ^L' ^ 0. 



d{P, 



n-l 
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Using the complex P* once again, we deduce from the previous sequence that 
(4.7) L'c.?^^^^^^c.H-^\G,k). 

4.b. Proof of Proposition 3.4. 

We recall that C is a p-Sylow subgroup of G. 

Lemma 4.5. Define M{n) to he the k[C]-module given by k with trivial C -action if n 
is odd and by the quotient k[C]/{k - Ttc) ifn is even, where Tie = J2aec^ '^^ trace 
element of k[C]. There is a k[C]-module isomorphism 

H'\Ox) = M{n) © M 

in which M is a finitely generated free k[C]-module. 

Proof. Since C is a p-group and k is of characteristic p, the ring k[C] is local and 
artinian and hence every projective A;[C]-module is free and injective. The result now 
follows from the existence of the sequence (14.41) together with induction on n. □ 

Now we are using the notations of Proposition 3.3. We have an isomorphism of 
fc-vector spaces 

Extl+]{F, k) ~ Homfc(F, k)) 

for any A;[C]-module F, where Hom^(F, k) is endowed with the A;[C]-module structure 
given by 

c/ : m f{c~^m) Vc G C, V/ G Homfc(F, k). 
Since C is cyclic and n is odd, 

i/"+^(C,Homfc(F,^)) ~ Homfc(F,^)^/Trc(Homfc(F,fc)) . 

This leads us to identify Ext^^{F., k) and Hom^(F, A;)'"/rrc7(Hom^(F, k)). Under these 
identifications the map 



is induced by 



while the map 



a ■ Ext^^^l^^iH^iOy), k) -> Extl+^^iH^iOx), k) 

Homfc(i^"(Oy), k) ^ Homs(i7"(Ox), kf 
f^foTr, 
P : Extltl{H^{OY),k) ^ Extl+'(k^k W,k) 



is the restriction map 

Homfc(/7'^(Cy), k) Homfc(L, k). 
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Since, by hypothesis, L is a ^-sub-vector space of of dimension one, the k- 

hnear map /3 is clearly surjective and Ker(^) is a subvector space of Ext^'^^{H'^{OY), k) 
of codimension one. 

Let / e Homfe(//"(e'F), k) be an element of Ker(Q;). Then there exists h e Homfe(//"(Ox, k) 
such that / o Tr* = Trc{h). Let q be the index of C in G and let {r e (S"} be a set of 
representatives of G/C. For any x G H^{Ox) we have the equalities: 

(4.8) q{foTr.{x)) ^foTniJ^rx) = J] /i(c J](tx)) = h(TrG(x)). 

It follows from Lemma 4.4 that any element a in L can be written a — Tr*{x), with 
Ttqx = 0. Therefore we deduce from (4.8) that for every a & L 

qf{a) = q{f o Tr^{x)) = h{TrGx) = 

and thus that /(a) = 0. We conclude that / e Ker(^). Hence we have proved that 
Ker(Q;) is contained in Ker(/3) and so that 1 < codim(Ker(Q;). We now observe that to 
complete the proof of the proposition it suffices to prove that 

Hom^(/7"(e»x), ^)^/rrc(Hom^(//"(C»x), k)) 

is a ^-vector space of dimension one. As a consequence we will obtain that codim(Ker(Q;)) < 
1 and we thereby deduce the equality Ker(Q;) and Ker(^) and hence the surjectivity of 
a. 

Since n is odd we deduce from Lemma 4.5 that there exists a A;[C]-module isomorphism 

//"(Ox) ^k®M 

where M is a finitely generated free A;[C]-module. The ^-vector space Hom^(//"(Cx), k) 
splits into a direct sum 

(4.9) Homfc(//"(Ox), k) = Homfe(^, k) ® Homfc(M, k)^k® Homfc(M, k). 
Therefore 

(4.10) Homfe(//"(Cx), kf = k® Homfe(M, kf 
while 

(4.11) Trc(Hom^^(//"(e»x), k)) = {0} ® Trc(Hom^(M, k). 

Since M is a free ^[C]-module one easily checks that Hom^(M, k) is A;[C]-free and thus 
that Hom^(M, k)'-' — Trc(Homfc(M, k). Hence we have proved that 

}iom-,{H^{Ox),kf/Trciiiom-,iH^\Ox),k) ^ k 

as required. □ 

Remark. One should note that the conclusions of Proposition 3.4 are incorrect when 
n is even. 
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4.C. Proof of Proposition 3.5. 

For the sake of simplicity in the proof we identify H^{Ox) and k and W <Sik k with 
L'. 

Since C is cychc and n is even we have isomorphisms 

(4.12) 

Ext^+5(L', k) ~ H_i{C, Hom^(L', k)) = Hom^(L', ^)T.J(c-l)(Hom^(L', k)) = Hom^(L', k) 

where, for a ^[C]-module Z, we let Zj-rc denote the submodule which is annihilated 
by Trc- By a similar argument we obtain the isomorphism 



(4.13) Extl+^{H^{Oxf, ~k) Rom-,{H^iOxf, ~k). 

Since L' = H'^{Ox)^ /TrdH^iOx)) is a A;-vector space of dimension one, it follows 
from (4.12) and (4.13) that Ext^+5(^',fc) is of dimension one and that the map 

(4.14) ^^ltc^{L\ H%Ox)) ^ Ext^+5(//"(Ox)^, H\Ox)) 
can be identified with the homomorphism 

YLom-kiH^'iOxf /TrG{H''{,Ox))M ^ ^omj,{H^ {O xf M 

obtained by composing an element of Y{omi[H"'{Ox)'^ /TrG{H^{Ox)),k)) with the 
natural surjection H'^{Ox)^ -> H'\Ox)^ /TrG{H''{Ox)- This shows that (4.14) is an 
injective map which identifies Ext^^j^^|(L', A;) with 

(4.15) {/ e Homfe(//"(e»x)'', k)) such that f\TrG{H^{Ox)) = 0}. 

Since n is even, according to Lemma 4.5 we can decompose H'^{Ox) into a direct 
sum of ^[C]-modules 

H''{Ox) = M{n) © M 

where M(n) = and M is a free A;[C]-module. This implies the following decom- 
positions into direct sums of ^-vector spaces: 
(4.16) 

Extl+^imiOx), ~k) = ExtJ+^(M(n), k) © Ext^+](M, k) = Ext^+^(M(n), k) © {0} 
It now follows from (4.16) that 

(4.17) Ext^+;(i/"(Ox),^) = Hom,(^,fc)/(c- l)Hom,(^,^). 

The dimension over k of the right-hand side of this equality is the dimension of the 
kernel of the multiplication by (c — 1) on Hom^(^^, k). The kernel of the multiplica- 
tion by (c — 1) naturally identifies with the vector space Hom^(M(n)c, k). One easily 
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checks that 

(4.18) M{n)c ^ , ^^fl ^ ~kTrc. 

[c — l)kC 

Hence we conclude that Homj^(M(n)(7, k) and thus Ext||^^(if"(Ox), k)) are of dimen- 
sion one. We also have an isomorphism 
(4.19) 

E^q+^{H-{Ox),k) H-i{C,Rom-,{H^{Ox),k)) = Hom^(i/-(0^), ^)r. J(c-l)(Hom^(i/"(C»x), ^)). 
Therefore we deduce that the map 

(4.20) ExtlJ-^{H-{Ox), H\Ox)) ^ Extl+^{H^\Oxf , H\Ox)) 
is induced by the restriction homomorphism 

(4.21) Homs(i/'^(Ox), k)Trc ^ ^om-k{H^{Oxf , k)). 

We note that for any x e H'^{Ox) there exists x' such that Traix) — Trc{x'). This 
shows that TraiH^'iOx)) C H^'iOx)^ nTrc{H''{Ox)). Conversely, let a = Trc{x) 
be an element of H^'^Ox)^ n Trc(-H""(Cx)) and let {c/j, 1 < i < be a set of repre- 
sentatives oi G/C. We have the equalities 

go; = ^ QiTrcix) = Trdx). 

l<i<q 

This shows that qa, and hence also a, belongs to Trc^H^iOx))- We conclude that 

(4.22) TraiH^iOx)) = H^{Oxf n Trc{H^{Ox)). 

It follows from (4.15) and (4.22 ) that the image of the map (4.21) is contained in 
the image of Exi^^^{L' ,k) . Since Ex.i^^^{H'^{Ox)-,k) is of dimension one, in order 
to complete the proof of the proposition, it suffices to prove that the map (4.20) is 
not the zero map. Let / be a non-zero element of Hom^(if"(Ox)*^, ^)), trivial on 
TrG{H''{Ox)), and let x be an element of H''{Ox)^ such that f{x) ^ 0. In view of 
(4.22) we know that x does not belong to Trc{H"'{Ox))- Let y be a subvector space 
of H'^iOx), containing Trc{H''{Ox)), and such that 

H'^iOx) = V®kx. 

Let g be the element of }iomj^{H'^{Ox),k)) defined by g\V = and g{x) = f{x). It 
follows from (4.22) that the restriction of g to TrdH^iOx)) is trivial and therefore 
that g\H'^{Ox)'^ = f ■ This proves that, as required, (4.20) is not the zero map. □ 
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5. Examples 

Our goal is to provide examples of smooth projective varieties of arbitrary large 
dimension, defined over an algebraically closed field of characteristic p, endowed with 
the action of a cyclic group of order p, which fulfills Hypothesis 3.1. 

Let p > 2 be a prime and let k be an algebraically closed field of characteristic p. 
Define G to be a cyclic group of order p with generator a. We fix an action of G on 
the projective space P|~''' by letting a send the point x — (xq : Xi : X2 - ■ ■ Xp^i) to 
a(x) ^ (xi : X2 : Xi : ■ ■ ■ : Xq). 

Theorem 5.1. Let X be the closed subscheme of P|~^ defined by the homogeneous 
polynomial fp = Xo...Xp_i + X^'^Xi + Xf^'Xs + ... + X^Z^Xq. Then X is a smooth 
irreducible hypersurface o/P|~^ of degree p on which G acts without fixed points. The 
quotient morphism X ^ Y — X/ G is etale, and Y is smooth, irreducible and projective 
of dimension n — dim(X) — p — 2. 

Proof. Suppose that fp is reducible. Let (yf be an irreducible, homogeneous divisor of 
fp of degree m with m < p. We write fp = gh. Since (j{fp) = fp then a{g) divides 
fp and thus either a{g) divides g or a{g) divides h. If a{g) divides g there exists 
X E k such that a{g) — Xg. Since a is of ordre p we deduce that = 1 and so 
A = 1 and <T{g) = g. If a(g) ^ g then (T{g) divides h and therefore ga{g)...a^~^{g) 
divides fp. Since deg{fp) = p the degree of g has to be 1. Therefore either a{g) = g 
or g is homogeneous of degree 1 and fp = ga(g)...aP^^{g). For any polynomial u we 
write Tr{u) = Ylo<i<p-i'^^i'^)- Since there is no monomial polynomial of degree < p 
invariant by sigma we conclude that if g is of degree < p and such that a{g) = g 
there exists some polynomial u with g — Tr{u). Since k is of characteristic p then 
g{l) — Tr{u){l, 1) = which is impossible since ...1) = 1. We now suppose 
that fp — ga{g)...aP~^{g) with g — qoXq + ... + ap_iXp_i. Since fp doesn't contain 
any monomial of the type Xf at least one of the Oj's has to be equal to 0. Suppose 
for instance that = 0. Then the coefficient of Xq~^Xi in ga[g)...a'^~^[g) is equal 
to a\a2...ap-i. This implies that 7^ for 1 < i < j9 — 1 . Thus we will get in this 
product the monomial polynomials aia\...ap^iXQ~^X2, ■■■,aia2...a^_^Xl^^Xp_i. Since 
fp doesn't contain such monomials we conclude that fp can't be decomposed into such 
a product and thus that fp is irreducible. 

Now we claim that it doesn't exist x — (xq, Xi, 7^ (0, 0, 0) such that 

(5.1) /p(^) = /;,xo(^) = -/;,x,_,(^) = o. 

Suppose X — (xo,xi, Xp-i) satisfies (5.1). We have 

(5-2) fp,Xi{x) = xo...Xi...Xp-i + - a^^^a;^® =0, <i <p-l . 
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Using these equations one easily checks that if of the x[s is equal to then the others 
are. Let us denote by P the product xo...Xp-i. It follows from (5.2) that 

(5.3) Xi/p_^^(x) = P + XiX^Ii(.) = 0, 0<i<p-l . 
We deduce from (5.3) the equalities 

(5.4) xf~'^Xi-^-i = iP + Xq~'^xi, < i < p — 1, 
(by convention we set Xp = Xq). Using (5.4) the equation 

fp{x) = P+ ^ x^i'^Xi+i = 

0<i<p-l 

can be written 

(5.5) fp{x) = P + P^l-^P + pxl'x, = P = 0. 

Then one (and thus all) of the Xj's has to be equal to zero. This achieves the proof of 
the claim. 

Since (1 : 1 : ... : 1) is the unique fixed closed point of G acting on P we conclude 
that as required X is a smooth irreducible hypersurface of P^"^ of degree p on which G 
acts without fixed points. Therefore ir : X ^ Y = X/ G is a finite and etale morphism 
and y is a smooth, irreducible and projective variety over k. □ 

Since G is a cyclic p-group the fc-vector spaces H"'{G,k) and H"'~^^{G,k) are of 
dimension 1 as seen before. Thus, to show that Hypothesis 3.1 is satisfied for {X,G), 
it suffices to prove the following corollary. 

Corollary 5.2. The variety X is of dimension n and 

i) WiOx) = {0} if and only if j ^ {0, n}. 

ii) If k is an algebraic closure ofTLjp there is a model Iq ofY over a finite field 
ko such that the composition of X ^ Y and Y ^ Yq is a Galois morphism 
X^Yo. 

Proof. For simplicity, we will write P = P^^^- The ideal sheaf Ix of X is isomorphic 
to Cp(— p) since X is a hypersurface of degree p. We thus have an exact sequence 

(5.6) ^ Op{-p) ^ Op i,Ox 

where i is the closed immersion X — )■ P. Let 5*^ be the /c- vector space of homogeneous 
degree m polynomials in the homogeneous coordinate functions Xq, . . . , Xp_i (if m < 
we set Sm = 0). /,From [U Lemma 3.1] we have, for any m G Z 

W{F, Op(m)) = if J ^ 0,p - 1 

and 

H\F, Op(m)) = Sm and HP-\F, Op(m)) = H\F, Op{-m - p)^ 
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where = Hom(L, k) if L is a A;- vector space. Using this in the long exact cohomology 
sequence associated to (15.6P shows part (i), after noting, for any integer m, the equahty 

If k is an algebraic closure of Z/p, then there will be a model Yi of Y over some 
finite extension ki of Z/p, and we can assume ki is the field of constants of Yi. Thus 
Y = k Xk-^^Yi and the Frobenius automorphism Fi of k over ki extends to a pro- 
generator of Gal(F/Y'i) = Gal{k/ki). Embed k{X) into a separable closure k(YY of 
k{Y). Here is Galois over ki{Yi), and a positive integral power FJ^ of Fi will lie 

in Gal{k(Y)^ / k{X)) . We now let ko be the fixed field of acting on k and we let 
Yq = fco ®A:i ^1 to have part (ii) of the Corollary. □ 
We end this section with an other example of scheme X satisfying the properties in 
Theorem 15.11 

Proposition 5.3. Suppose X is an ordinary elliptic curve over k. Translation by the 
order p > 2 subgroup X[p]{k) of k -points of order p of X defines an Stale action of the 
cyclic group G = 7j/p on X over k. Define D to be the very ample degree p divisor on 
X which is the sum of the points in X[p\{k). There is a basis {xq, xi, . . . , Xp_i} over k 
for H^{X, Ox{F))) which is cyclically permuted by the action of a generator a for G. 
Such a basis gives a G-equivariant closed immersion X — )■ P^""*^ with G acting on P^~^ 
by cyclically permuting the homogeneous coordinates (xq : . . . : Xp_i) When p = 3, this 
defines X as a curve in P|- having the properties in Theorem \5.1[ 

Proof. Since p > 3 = 2 ■ genus (X) + 1 we see that D is very ample by [2^ Cor. 
IV.3.2]. Since the action of G on X is etale, the equivariant Euler characteristic 
Ox{D)] - [H\X, Ox{D)] in Go(k[G]) is in in the image of the (injective) map 
Ko(k[G]) Go(k[G]). Since H\X,OxiD)) = by Riemann Roch Theorem, we 
conclude that H^{X, Ox{F>)) is a projective /cG-module, which must be a free module of 
rank one since i^G = p and dim^i7°(X, Ox{D)) = p. We now let Xq G H^{X, Ox{D)) 
be a generator for iJ°(X, Cx(-D)) as a free /cG-module and we define for 
< i < p — 1. The Proposition is now clear. □ 
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